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t-H Abstract. We introduce the notion of minimality for spectral representations of sum- and max- 

infinitely divisible processes and prove that the minimal spectral representation on a Borel space 
exists and is unique. This fact is used to show that a stationary, stochastically continuous, sum- 

i—l or max-i.d. random process on R d can be generated by a measure-preserving flow on a u-finite 

Borel measure space and that this flow is unique. As a particular case, we characterize stationary, 
stochastically continuous, union-infinitely divisible random subsets of R d . We introduce several new 
classes of max-i.d. random fields including fields of Penrose type and fields associated to Poisson 
line processes. 

^ 1. Introduction and statement of results 

S 1.1. Introduction. A stochastic process X = {X(t),t 6 T} is called infinitely divisible (i.d.) if 
for every n 6 N it can be represented as a sum of n independent identically distributed (i.i.d.) 
processes. For finite-dimensional i.d. random vectors such classical concepts as Levy measure and 
the Levy-Ito decomposition are well known and play an important role; see [31]. It is natural 
to expect that these notions should have an analogue in the infinite-dimensional setting of i.d. 
qq stochastic processes. Pioneering work in this direction is due to Maruyama |20| . For any infinitely 

ON divisible process X he constructed a Levy measure as a measure on the space M. T endowed with 

a certain cr-algebra. If the set T is countable, the Levy measure enjoys a number of desirable 
properties, for example, it is <7-finite. In the particular case of stationary i.d. processes on Z, Roy 
|28j used Maruyama's construction to establish a fruitful link with the infinite ergodic theory jl] 
an d to generalize results known previously for stable processes [26], [27] [30] , a subclass of the i.d. 
processes. 

However, if the set T is not countable, the Levy measure is not well-behaved. For example, it 
may be not u-finite. The single point sets in the space M T are not measurable with respect to 
the product u-algebra on , so that even making a statement like "the Levy measure does not 
charge the origin" becomes a non-trivial task. In the setting of stationary i.d. processes on WL d the 
natural shift transformations acting on the space M Rd leave the Levy measure invariant, but they 
do not form a measurable group of transformations. All these facts prevent any straightforward 
generalization of the results of Roy [28] to the continuous-time setting, since ergodic theory usually 
requires the a-finiteness of the invariant measure and the measurability of the flow. Maruyama [20 
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gave a modification of his construction which makes the Levy measure a-finite, see Proposition 3.1 
in [20] , but it seems that there was no further investigation of this question since then. 

In the present work we will give a construction of spectral representations of i.d. processes 
in the setting of uncountable index set T. This construction is different from Maruyama's one, 
but it can still be thought of as an adequate analogue of the Levy measure and the Levy-Ito 
decomposition. Our construction includes as a special case the spectral representations of stable 
processes [HI [261 [27] . We prove that the spectral representation of an i.d. process is unique provided 
one imposes a certain natural minimality condition. This result is then used to show that a 
stationary i.d. process can be generated as a stochastic integral over a measure-preserving flow. 
This generalizes some results of Rosihski |26|. [27] on the spectral representations of stationary 
stable processes. The i.d. theory we develop here is even simpler (although it is more general) than 
the stable theory of |26[ [27] since the i.d. theory involves dealing with measure-preserving flows 
instead of non-singular flows. The i.d. theory is not obtained as a straightforward generalization 
of the stable one. As was recently observed by Roy [29], in order to pass from a non-singular flow 
generating a stationary stable process to the measure-preserving flow generating the same process 
regarded as an i.d. process, one has to apply the construction of Maharam [19J from ergodic theory. 
In the stable case, the uniqueness of the minimal spectral representation is usually proved using the 
rigidity of L°-spaces [TUl [HI [26] . In the setting of i.d. processes, these methods are not available. 
Instead, we prove a general result on the existence of conjugacy between equimeasurable families 



of functions; see Lemma 3.1, below. 

Our results have natural counterparts in the setting of max-infinitely divisible (max-i.d.) pro- 
cesses. A random vector is called max-i.d. if it can be represented as a maximum (taken com- 
ponentwise) of n i.i.d. random vectors for every n £ N. A similar definition applies to stochastic 
processes. Every one-dimensional distribution is max-i.d., but the situation changes in higher di- 
mensions. Two-dimensional max-i.d. distributions were introduced by Balkema and Resnick [3], 
the general d-dimensional case was considered by Gerritse [7] and Vatan [33] (the latter work stud- 
ies also max-i.d. vectors with values in M°°). Representations in terms of suprema over a Poisson 
random measure were obtained by Gine et al. [8] for max-i.d. processes with continuous sample 
paths and by Balkema et al. [2] for stochastically continuous processes. In j33[ H5J ESJ [6] criteria 
for ergodicity and mixing of stationary max-i.d. processes have been given. For important results 
on max-stable processes (which form a subclass of the max-i.d. processes), see [H [33]. In the 
present work we will introduce the notion of minimality for spectral representations of max-i.d. 
processes and show that under this condition the appropriately modified spectral representation 
of Balkema et al. [2] is unique. 

The paper is organized as follows. In Section 1.2 we introduce minimal spectral representations 
for max-i.d. processes and show their existence and uniqueness under the general Condition S of 
separability in probability. Section 1.3 contains parallel results for i.d. processes. The developed 
theory of minimal spectral representations is used to associate stationary i.d. and max-i.d. processes 
to measure preserving flows. This leads to extensions of existing decomposition and classification 
results for stable and max-stable processes. In Section [2] we present several examples and appli- 
cations. For simplicity, we focus on the max-i.d. case. Analogous examples and results are valid 
for i.d. processes. The connection between the newly introduced minimal spectral representations 



and the existing ones is demonstrated Section 2.1 In Sections 2.2-2.5 we present new examples of 
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stationary max-i.d. processes associated with dissipative and null flows. In Section 2.6 we charac- 
terize the stationary union infinitely divisible random sets by relating them to measure-preserving 
flows. The proofs are given in Section [3j 

1.2. Spectral representations of max i.d. processes. A stochastic process X = {X(t), t G T} 
defined on an index set T and taking values in M is called max-i.d., if for all n G N, there exist 
independent identically distributed (i.i.d.) processes {Xi jTl (t), t G T}, i = 1, . . . ,n, such that 

(1) {X(t), t G T} = { max X^ n {t), t G T 

l_ l<i<n 

Here, = denotes the equality of finite-dimensional distributions. If {X(t),t G T} is a max-i.d. 
process, then for every collection of non-decreasing functions <pt : K — > K, t G T, the process 
{ipt(X(t)),t G T} is also max-i.d. By choosing 



e x , if essinf X(t) = — oo, 

x — essinf X(t), if essinf X(t) > — oo 



we can always achieve that essinf ipt(X(t)) = 0. In the sequel we therefore assume without loss of 
generality that essinf X(t) = for every t G T. 

Balkema et al. [2] gave a representation of max-i.d. processes in terms of stochastic max-integrals 



over a Poisson random measure. This representation is, in general, non-unique; see Example 1.9 
below. We will introduce the notion of minimality for representations of max-i.d. processes and 
prove that the minimal representation exists and is unique. 

We recall the construction of Balkema et al. [2] in a form which is suitable for our purposes. Let 
(fl,B,fi) be a <r-finite measure space. We denote by £ v = C y (fl, £>, fi) the space of all measurable 
functions / : f2 — > M such that / > /i-a.e. and fi{u} : f(oj) > a} is finite for all a > 0. As usual, 
two functions are identified if they differ on a set of measure zero. Note that for every fx, fa G £ v 
and ci,C2 > we have max(ci/i, C2/2) G £ v . Next let us recall the definition of the max-integral 
from [2]. Let 11^ = {Ui,i G J} be a Poisson random measure on the space (£l,B) with intensity \x. 
Here, J is at most countable index set. For / G £ v define the stochastic max-integral 



(2) /(/)= / /<ffl M := sup /(£/*). 

Jn ieJ 

Here, the supremum is taken over all atoms Ui of the Poisson process n^. If is empty, which 
can happen if //(SI) < 00, then the supremum in the right-hand side is defined to be 0. From ([2]) 
one readily derives a formula for the joint distribution of the stochastic max-integrals: For all 
/1 ) • • • i fn 6 £ v and x\ , . . . , x n > (not all of which are 0) we have 

(3) F{I(fj) <xj,l<j<n} = p{n M ( U? =1 {/,• > x,}) = 0} 

= exp{- M (u? =1 {/,->*;})}. 

Observe that for any collection of deterministic functions ft G £ v , t G T, the process {I(ft),t G 
T}, is max-i.d. since the Aj jn 's in ([!]) can be defined by using independent copies of the same 
stochastic max-integrals but with respect to a Poisson point process with intensity ^fi. 



1 



ZAKHAR KABLUCHKO AND STILIAN STOEV 



Definition 1.1. Let X = {X(t),t G T} be a max-i.d. process with essinfX(i) = for all t G T. 
A collection of functions {ft,t £ T} C £ v (tt, B, fj.) is a spectral representation of the process X if 
we have the following equality of laws: 



where II M is a Poisson random measure on (f2, i3) with intensity /x. 

Here, we focus on the general class of processes that are separable in probability in the sense of 
the following definition. 

Definition 1.2. A stochastic process {X(t),t G T} satisfies Condition S if there is at most count- 
able set To C T such that for all t G T, there exists a sequence {t n }neN C To, with X(t n ) — > X(t) 
in probability. 

Theorem 1.3 (Balkema et al. [2]). Let {X(t),t G be a max-i.d. process satisfying Condition 
S. There exists a spectral representation of X defined on M endowed with the Lebesgue measure. 

We will prove existence and uniqueness of the spectral representation under the following condi- 
tion of minimality. 

Definition 1.4. A spectral representation {ft,t G T} C £ v (Q,B, /i) is called minimal if the 
following two conditions hold: 

(1) The cr-algebra generated by {ft,t G T} coincides with B up to ^-zero sets. That is, for 
every B G £>, exists an A G cr{ft,t G T}, such that /j,(AAB) = 0. 

(2) There is no set B G B such that fi(B) > and for every t G T, = a.e. on £?. 

Remark 1.5. The first condition does not imply the second one: consider Q = {0, 1} with counting 
measure, T = {1}, and /i(u;) = oj. 

Theorem 1.6. Let X = {X(t),t G T} be a max-i.d. process satisfying Condition S. There exists 
a minimal spectral representation of X defined on [0, 1] endowed with a a-finite Borel measure. 

We recall next several notions of isomorphisms from measure theory. For more details, see e.g. 
Ch. 22 in [32] and p. 167 in [9]. 

Definition 1.7. (i) An isomorphism between two measurable spaces (Qi, Bi), i = 1, 2, is a bijection 
: Q\ — > ^2 such that both $ and <1> _1 are measurable. 

(ii) A measurable space (£l,B) is said to be a Borel space if it is isomorphic (in the sense of 
part (i)) to a complete separable metric space endowed with the Borel cr-algebra. It is known that 
any Borel space is isomorphic to the interval [0, 1] endowed with the Borel cr-algebra or to an at 
most countable set endowed with the cr-algebra of all subsets. 

(Hi) A Borel space endowed with a cr-finite measure will be called a a-finite Borel space. 

(iv) An isomorphism (modulo null sets) between two measure spaces (fli, Bi, /^i), i = 1,2, is a 
bijection $ : Qx\Ai — > f^V^bi where A\ G B\ and A\ G £>2 are null sets, such that both <3? and <& _1 
are measurable and ^1(^4) = /U2( < 1 ) (j4)), for all measurable A C f2i\^4i. Two isomorphisms ^ are 
considered as equal modulo null sets if ^(a;) = ^{uS) for //i-a.a. u G 

The next theorem is the main result in this section. It establishes the uniqueness of the minimal 
spectral representation. 



(4) 
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Theorem 1.8. Let X = {X(t),t G T} be a max-i.d. process. If {/ t , i G T} are two minimal 
spectral representations of X defined on a-finite Borel spaces (f2j, Bi, ^i), i = 1,2, then there is a 
measure space isomorphism : Oi — > 0,2 (defined modulo null sets) such that for all t G T , 

(5) ft\u) = /f ) o /or M i - o.o. w € I2i. 

77ie measure space isomorphism & with this property is unique modulo null sets. 

Example 1.9. Our definition of the space £ v of integrands is more restrictive than that of Balkema 
et al. [2], who allow measurable functions / : — > IR with fi{f > a} < oo, for some a G M (and 
don't assume that essinf Xt = 0). With the definition used in [2] the uniqueness may fail, even for 
minimal representations. Let f2i = = Z be endowed with the counting measure, let T = ZU{*} 
and define 



/! >) = /r» = if * ^ *, £ >) = 1, /r ; (o;) = 1 {W>0} + -l {w <o } - 

One verifies readily that {f t , t G T}, i = 1,2, are minimal representations of the same max-i.d. 

process. However, there is no bijection $ : fi x -> ft 2 such that o $ = /i 2) . Note that /* (2) £ £ v 
and hence Theorem 1.8 does not apply. 

1.3. Spectral representations of i.d. processes. A process {X(t), t G T} is said to be infinitely 
divisible (i.d.) if for all n G N it can be represented (in distribution) as a sum of n independent 
and identically distributed processes. There is already extensive literature on the existence of 
spectral representations and the properties of i.d. processes (see e.g. [201 EHJ, [25] among many 
others). However, the minimality and the uniqueness of the spectral representations has not been 
considered so far. 

Let (O, B, fi) be a a— finite measure space. The space of integrands C + consists of all measurable 
/ : O -> R such that 

(6) f mm{e,\f(u;)\ 2 }n(du) < +oo, 

Jn 

for some (or, equivalently, any) e > 0. Functions differing on a set of measure are identified. 
Observe that C + is a linear space since 1 A (/ + g) 2 < 2(1 A f 2 + 1 A g 2 ). Following Maruyama [20J, 
for / G C + define the stochastic integral 

(7) I{f) = [ fdU,:= hm {^/(^)1 { | /(c/i) | >£} - f a(f)d»\, 

Jn L J{\f\>e} J 

where 11^ = {Ui,i G J} is a Poisson random measure on (Q,B) with intensity \i and 

{u, \u\ < 1, 
1, U>1, 
-1, u<-l. 

Note that the limit in ([7]) exists in the a.s. sense by the convergence theorem for L 2 -bounded 
martingales. For fi,...,f n G C + the joint distribution of the I(fj)'s is characterized as follows. 
For all 0\ , . . . , 9 n G M we have 
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In particular, it is easy to verify that for all f,gG C + and c£lwe have I(f+g) = /(/)+/(</)+const 
and I(cf) = cl(f) + const, i.e. the functional I is essentially linear up to additive constants (see 
also (|0j) below). 

Definition 1.10. Let X = {X(t),t G T} be an i.d. process with trivial Gaussian component 
defined on some index set T. A collection of functions {ft,t G T} C C + (fl,B, fi) is a spectral 
representation of the process X if we have the following equality of laws: 



(10) 



{X(t),tGT} = f t dU^ + c(t),tGT^ 



where 11^ is a Poisson random measure on (fi, B, fj.) and c : T — > M is some function. 

Theorem 1.11. Let {X(t),t G T} be an i.d. process which has a trivial Gaussian component and 
satisfies Condition S. There exists a minimal spectral representation of X defined on [0, 1] endowed 
with a a-finite Borel measure. 

Here, a spectral representation of an i.d. process is called minimal if it satisfies both conditions 



of Definition 1.4 To prove the theorem we will introduce the following truncated L 2 -metric on the 
space C + : 

(11) d(f,g)^d(f-g):=(j^lA(f-g) 2 dv) 1/ \ f,gtC + . 

Note that the triangle inequality follows from 1 A |/ — g\ < 1 A |/| + 1 A | g| and the triangle inequality 
in /. 2 (0). 

Proposition 1.12. The space (C + ,d) is complete. It is also separable if (Q,B) is Borel. 

The next proposition shows that the metric d on the space C + corresponds to convergence in 
probability on the space of stochastic integrals {1(f), f G C + }. 

Proposition 1.13. For f n G C + and c n G K, we have that I(f n ) + Cn converges to a random 
variable £ in probability, as n — )• oo ; if and only if, there exists some f G C + and c£l, such that 
d{f n — f) + |c n — c| — > 0, as n — > oo. In this case, £ = /(/) + c a.s. 

The next theorem, which is analogous to Theorem |1.8[ shows the uniqueness of the minimal 
spectral representation for i.d. processes. 

Theorem 1.14. Let X = {X(t),t G T} be an i.d. process. If {f t , t G T} are two minimal spectral 
representations of X defined on a-finite Borel spaces (£li,Bi, /ij), i = 1,2, then there is a measure 
space isomorphism $ : fii — > 0,2 (defined modulo null sets) such that for all t G T, 

(12) ft l \u) = fP $H for m - a.a. u € 
The measure space isomorphism is unique modulo null sets. 

1.4. Flow representations for stationary i.d. and max i.d. processes. A measure-preserving 
M rf -action (or flow) on a measure space (fi, £>, //) is a family {T t } tgR ,i of measure space isomorphisms 
Ti : Q — > Q such that To = id /z-a.e. and for every i,s £ M. d , T t o T s = T t + S /z-a.e. The action is 
called measurable if (t, u) i— >■ T^(u;) is a measurable map from M rf x 1] to f2, where the former space 
is endowed with the product of the Borel cr-algebra on M. d and B. 

The next statement combines both the i.d. and max-i.d. cases and shows that one can associate 
stationary processes with measure-preserving actions. The common theme is the uniqueness. 
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Theorem 1.15. Let X = {X(t),t G R d } be a stationary, stochastically continuous, max-i.d. (resp., 
i.d., without Gaussian component) random field. Then there is a a-finite Borel space (Q,B,fj,), a 
measurable, measure-preserving R d -action {Tt} teR d on (£l,B, fx), and a function fo G£ v (f2) (resp., 
fo G £ + (£l) ) such that we have 



(13) 



{x(t),te R d } 



rV/+ 



(/o ° Tt)dn.fj, + c V//+ , t G 



where is a Poisson random measure on (f2, i3) mi/i intensity measure ji, with c v = and c + G M. 

Proof. Stochastic continuity implies that X satisfies Condition S. Thus, let {/t, t G IR d } be a minimal 
spectral representation of X on [0, 1] endowed with a u-finite measure (Theorems 1.6 & 1.11). By 
stationarity, {ft+ s ,t G R d } is also a minimal spectral representation of X for every s G 
uniqueness of the minimal spectral representation (Theorems 
T s of the measure space (f2, B, fj,) such that for every t G R d , f s +t = ft°T< 
for every si, S2 G T Sl+S2 = T S1 o T S2 , /x-a.e. Indeed, we have for every i G 



^7 By the 
& 1.14), there is an automorphism 
//-a.e. 



Let us show that 



/t ° r si . 



/si 



+S2+* 



/i o (T S1 o T s . 



a.e. 



Since the automorphisms in the statements of Theorems 1.8 & 1.14 are unique, we have T Sl+S2 



T S1 o T S2 , /i-a.e. From the definition of the spectral representation we obtain (13). In the sum-i.d 

£r by stationarity. 



appearing in ( 13 ) does not depend on t G 



case note also that the constant c H 

The flow {Ti} tgK d constructed in this way need not in general be measurable. However, it was 
shown in [18] that each Tt can be modified on a set of //-measure zero so that the flow becomes 
measurable. □ 

We call the pair (fo, {T t } tgR£ j) a flow representation of X on (Q,B,fi). It follows from the proof 



of Theorem 1.15| that the flow representation can be chosen to be minimal meaning that the a— 
algebra generated by {fo oT t ,t G R d } coincides with B up to //-zero sets and the set of functions 
{fo °T t , t G R d } has full support. 

Theorem 1.16. Let X = {X(t),t G R d } be a stationary, stochastically continuous max-i.d. or 
i.d. random field. The minimal flow representation of X is unique in the following sense. If 
(fo\ {^t }teR d ) are t wo minimal flow representations of X on a-finite Borel spaces (Qi,Bi, fii), 
i = 1,2, then there is a measure space isomorphism <I> : £l\ — > 0,2 (defined modulo null sets) such 



that /q 1 ^ = /q^ ; o <£ ; fx\-a.e., and for all t G 

(14) $ o T t {1) = 

The isomorphism <3? is unique modulo null sets. 

Proof. By assumption, {/g ° T t f , t G R d }, i = 1, 2, are two minimal spectral representations of X. 
By the uniqueness of the minimal spectral representation, there is a measure space isomorphism 
: Qi — > Q 2 such that for every t G R d , 



f(2) 



rf>od>, 



Mi 



a.e. 



(15) 



') = w 



Mi 



a.e. 



Replacing t by f + s and taking the composition of both sides with from the right, we obtain 



(16) 



(2) oTf )o(Tj 2 ) 



/'i 



a.e. 
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It follows from ilbh and (|16|) that $ and t] 2) o $ o are two measure space isomorphisms each 



linking the representations {f^ T^\t G M d }, i = 1,2. By the last statement of Theorem 1.8 or 
Theorem 1.14 these isomorphisms should be equal up to //i-zero sets. This yields (14). □ 

2. Examples of max-i.d. processes 

2.1. Max— stable processes. Max-stable processes form a subclass of the max-i.d. processes. Fix 
a > 0. A process X = {X(t), t G T} is called (a-Frechet) max-stable if for every n G N the process 
X\ V ... V X n has the same law as n l / a X, where Xi, . . . , X n are i.i.d. copies of X. The marginal 
distributions of X are a-Frechet distributions of the form P[X(t) < x] = exp{— a a (t)x~ a }, x > 0. 
Here, a(t) > is called the scale parameter of X(t). 

For max-stable processes, a theory of spectral representations has been developed; see [H EJ [331 
[121 [37]. We will explain the connection to the max-i.d. spectral representations developed here. 
Let L" (ft' , B' , //) be the set of measurable functions g : O' — )■ [0, oo) such that J n , g a dp' < oo. Let 
17 = £2' x (0, oo) be equipped with the product a-algebra B and with a measure p, = p! x au _ ( a+1 )ci?/. 
A collection of functions {gt,i G T} C L+(Q' , B' , p') is called a spectral representation of a max- 
stable process {X(t),t G T} if 

(17) {*(*),*€ r}i|v «ifft(«<),t g r 1 . 

UeN J 

where {(a;^,Mi),i G N}, are points of the Poisson process LT^ with intensity jit on fl. The process 
X, being also max-i.d., must admit a spectral representation in the sense of Section |l.2[ This 
representation can be constructed as follows. Define ft : O — > [0,oo) by ft(co',u) = ugt(uj'), t G T. 



1.8 



Then, (17) implies that {ft,t G T} is a spectral representation of X viewed as a max-i.d. process. 

A spectral representation {gt, t G T} C (O', B' , //) of a max-stable process X is called minimal 
(see [TU [361 EZ]) if (i) supp{^, t G T} = fl' mod // and (ii) a{g t /g s , t,s£T} = B' mod //. 

Lemma 2.1. In £/ie above context, if {gt,t £ T} is a minimal spectral representation of a max- 
stable process X, then {ft,t G T} is a minimal spectral representation of X as a max-i.d. process. 

Proof. Notice that (ft/ fs)(x,y) = (gt/g s )(y), (with 0/0 is interpreted as 0) does not depend on x. 
Therefore, p(F) := o-{ft/f s , t, s G T} = R+ x a{gt/g s , t,s G T}, which is (mod p) equivalent to 
R+ x Bqi by Condition (ii). We also have that gt is (mod fj,) measurable with respect to (w.r.t.) 
]R+ x Bqi (mod fi) and since p(F) = IR+ x Bqi (mod p), it follows that gt is (mod /i) measurable 
w.r.t. a(F) := a{f t , t G T}(d p(F)). Therefore, (x,y) H> xt {supp{ g t)} (y) = ft(x,y)/g t (y) is (mod 
p) measurable w.r.t. cr(F). Now, the full support condition (i) implies also that (x,y) h- >• x is (mod 
/i) measurable w.r.t. a(F). This implies that B^ + x 17' is included in a(F) (mod /u). Since also 
M+ x 6^/ is (mod /x) included in cr(F), it follows that x £>q/ is (mod //) contained in cr(F). This 
shows that £>ir + (8) i3ny = c(Sir + x Bqi) = a(F) (mod p). This shows that G T} is a minimal 
representation of X since Condition (i) for {gt,t G T} implies also the full support condition for 
the /t's. □ 



Remark 2.2. Lemma |2.1| shows that all previous results on max-stable processes that rely on the 
notion of minimality can be obtained via the new notion of minimality. The following construction 
due to Maharam gives the precise connection between the "old" and "new" spectral representations 
in the case of stationary processes. 
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Let X = {X(t),t G M. d } be a stationary stochastically continuous max— stable process with a- 
Frechet margins. Then by [5], there is a non-singular flow T[ on a cr-finite Borel space (Q', B' , //) 
and a function go G L°L(p! ,B', //) such that {gt,t G M d } is a minimal spectral representation of X, 
where 

/d//oT/\iA* 
ft = „ M 5ooT/, tGR. 



The process X, being max-stable, is also max-i.d. Let us construct the flow representation of X in 



the sense of Section 1.4 We shall employ the Maharam construction [19^ [T] . Consider the mappings 



T t : $7 — > SI defined by 

as) Tt {uM) .= ((^^(^y^^)) , 

where (t, u/) h-> d(// o T/)/cfy/(u/) is a measurable version of the Radon-Nikodym derivatives (see 
e.g. Theorem A.l in p2])- It is easy to see that {Tt}teR is a measurable flow, which is measure- 



preserving (see e.g. [Hid]). Now, (18) implies that (/o, {2~i} tgR d) is a flow representation of X in 
the sense of Section 11.41 



2.2. Independent random variables. Any collection {X(t),t G T} of independent random vari- 
ables forms a max-i.d. process. To see this, take any n G N and let Xi n (t), 1 < i < n, t G T, be 
independent random variables such that F[X i>n (t) < x] = (F[X(t) < x]) 1 ^. Then, {X(t),t G T} 
has the same law as {\Zf =1 Xi in (t),t G T}, thus showing the max-i.d. property. Assume that T is 
countable. Then, Condition S is satisfied. The minimal spectral representation of {X(t),t G T} 
can be constructed as follows. As always, we assume that essinf X(t) = and, additionally, 
PpT(i) = 0] < 1 for all t G T. Let U = T X (0, oo) be endowed with the product of the power set 2 T 
and the Borel cr-algebra on (0, oo). Define a measure fj, on Q by /J,({t} x [x, oo)) = — logP[X(t) < x], 
t £ T, x > 0. In this way, turns into a cr-finite Borel space. Define the functions ft : O — >• K, 
t G T, by 

/t(a,x) = ^ ' ' s G T, x>0. 

[0, t/s, 

Then, G T} is a minimal spectral representation of {Xt,t G T}. If T = Z and the random 

variables Xt are i.i.d., then X is stationary and we can define a (discrete time) flow representation 
by setting T t (s, x) = (s — t, x), t G Z, and noting that ft = fo° Tt- 

2.3. Mixed moving maximum processes. Let G N} (interpreted as storm centers) be the 
points of a Poisson process on M. d with constant intensity A. Let {F(t),t G M. d } be a measurable 
random process with values in [0, oo) such that for every a > 0, the Lebesgue measure of the set 
{t G R d : F(t) > a} is finite a.s. Let F n , re G N, be i.i.d. copies of F (storms) , which are independent 
from the Poisson process {Ui,i G N} of storm centers. Define a process {X(t),t G by 

(19) X(t) = sup Fi(t -Ui). 

Then, it is readily verified (e.g., by the translation invariance and thinning properties of the point 
process {Ui,i G N}) that A is a stationary max-i.d. process, called a mixed moving maximum 
process. 
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The flow representation of X can be constructed as follows. Let v be the probability law of F on 
the space E := M K . Let Q be the product space fixl'' endowed with the measure [i := v X Xds. 
Then, we may view 11^ := {(Fi, Ui),i G N} as a Poisson point process on with intensity [i. Define 
a flow {T t } teK d on f2 and a function /o : — > [0, oo) by 

Ufa, a) = (y,s-t), f (tp,s) = <p(-s), (ip, s) G n, ip : M d -> K. 

This defines a flow representation of X. To see this, note that 

/•V 

/ (/o o T t )dn^ = sup(/ o T t )(Fi, Ui) = sup Fi(t -Ui), t G M d . 
Jn ieN ieN 

Of course, the space fi is not Borel and the flow {7t} 4g]R d is not measurable. If, however, the process 
F is defined on a Borel space, we can use this space as E in the above construction to obtain a flow 



representation in the sense of Theorem |1.15 



As in the max-stable (or sum-stable) case [27] one obtains the following result. 

Proposition 2.3. A stationary max-i.d. process is of mixed moving maximum type iff the flow 
generating X is dissipative (see, e.g., IJ^ for a definition). 

2.4. Max-i.d. processes associated to Poisson line processes. Instead of taking points of 



a Poisson process as storm centers in (19), we can also take lines of a Poisson line process as 
storm centers. Let T = M/(2-7rZ) be identified with the unit circle. Each point (r, ip) in L := R x T 
corresponds to an oriented line in R 2 which passes through the point (r cos <p, r sin ip) in the direction 
of the vector (— sin tp, cos ip). In this way, L can be identified with the set of all oriented lines in 
M 2 . Take a Poisson point process II = {(ri,ipi),i G N} on L whose intensity is Xdr x dip, where 
A > is constant. The corresponding random set of lines in R 2 is called the Poisson line process 
and is interpreted as the set of storm centers. Its law is invariant with respect to translations of 
M 2 ; see, e.g., [16J. Let {F(t),t £ R} be a process with values in [0, 00) such that for every a > 0, 
the Lebesgue measure of the set {i£l: F(t) > a} is finite a.s. Let Fi, i G N, be i.i.d. copies of F 
(storms). Define a process {r](x, y), (x,y) G M 2 } by 

(20) r](x,y) = max Fi (x cos ipi + ysimpi — r.;). 

Note that \xcosip + ysimp — r\ is the distance from the point (x,y) to the line corresponding to 
(r,(p) G L. 

Proposition 2.4. n is a stationary max-i.d. process on M 2 . 

One can construct also max-stable processes of this type. Fix a > 0. Start with a Poisson process 
$ = {(rj, (fi, Zi),i G N} on L x (0, 00) with intensity Xdr x d(p x az'^+^dz. Let {F(t),t G R} be a 
process with values in [0, 00) such that E J R F a (r)dr < 00. Let {Fi,i G N} be independent copies 
of F. Define 

(21) rj(x,y) = max ZiFi(x cos <pi + ysin^ - r 4 ). 

ieN 

Proposition 2.5. n is a stationary max-stable process on R 2 with a-Frechet margins. 

Max-stability follows directly from the properties of the Poisson processes and stationarity is the 
consequence of the stationarity of the Poisson line process. For simplicity, we considered processes 
based on Poisson line processes in R 2 , but a similar construction is possible for Poisson processes 
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Figure 1. The left and center panels show realizations of the stationary max-i.d. 
and max-stable random fields r/ in (20) and (21), respectively, with h(t) = e - '*'. 
The right panel shows a realization of a non-ergodic min-i.d. Penrose-type random 
field generated by a stationary Gaussian process. 



of ^-dimensional affine subspaces in ~R d for every k < d. For k = we recover the mixed moving 
maxima processes, for k ^ we conjecture that the processes do not have a mixed moving maximum 
representation. Rather, they should be generated by null-recurrent flows (see, e.g., Samorodnitsky 
[3D], and also [281 H21 [37] ) . 

2.5. Penrose min i.d. random fields. The next family of examples generalizes the processes 
considered by Penrose [221 [231 [21] • Let IT = {Ui,i G be the points of Poisson process on M fc 
with a constant intensity A. Let {£,i(t),t G M. d }, i G Z, be independent copies of a random field 
{£(£), i G M d } with values in M fc which has stationary increments. Let | • | be the Euclidean norm. 
Define 

X(t) = mm \Ui+&(t)\. 

Proposition 2.6. The process X is stationary, min-i.d. process (that is, —X is max-i.d.) . 

The min-i.d. property follows directly from the fact that for every n £ N, we can represent IT 
as a union of n independent Poisson processes with constant intensity ^. The stationarity of X 
follows from the stationarity of increments of £; see Proposition 2.1 in [13]. To construct concrete 
families of examples one may take k = 1 and £ to be the zero-mean Gaussian process defined on 
R d with covariance function E[£(i)£(s)] = ^-(\t\ 2H + \s\ 2H -\t - s\ 2H ), where H G (0, 1] is the Hurst 
exponent and a 1 > 0. Min-i.d. processes of this type appeared in [14] as limits of pointwise minima 
(in the sense of absolute value) of independent Gaussian processes. Also, one can take d = 1, k G N 
arbitrary and let £ be the M fc -valued Brownian motion. We conjecture that the corresponding 
Penrose processes are of mixed moving maximum type for k > 3 (since the Brownian motion is 
transitive in this case) and are generated by null flows if k < 2 (see e.g., [30, 128 1 H21 137j ). 

2.6. Stationary union— i.d. random sets. A measurable process {X(t),t G M. d } taking only 
values 0,1 can be identified with the random set S := {t G M. d : X(t) = 1}. Note that we 
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H=0.1 H=0.5 H=Q.9 
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Figure 2. Realizations of Penrose-type min-i.d. random fields driven by isotropic 
Levy fractional Brownian motions defined on M 2 with Hurst exponents H = 0.1, 
0.5, and 0.9, respectively, left to right. 

do not require the sets to be, say, closed. If the process X is max-i.d., then the corresponding 
random set S is union-i.d. and vice versa. This means that for every n £ N we can find i.i.d. 
random sets Ci, . . . ,C n such that S has the same finite-dimensional distributions as C\ U . . . U C n ; 
see |21j . Chapter 4. The process X is stochastically continuous iff the random set S is stochastically 
continuous in the following sense: for every t £ M. d , lim s ^. t P[f £ S, s ^ S] = lim.,^ F[t £" ,5, s £ 



S] = 0. Using Theorem 1.15 we can describe all stationary stochastically continuous union-i.d. 
random sets. It turns out that any such set has the following structure. Take a Poisson process on 
a cr-finite measure space and let A be a subset of finite measure of this space. Shift all points of the 
Poisson process by some measure-preserving M rf -flow and look at those moments of time at which 
A contains at least one point of the Poisson process. These moments of time form a union-i.d. 
random set in W 1 , and vice versa, any union-i.d. set is equal (in the sense of finite-dimensional 
distributions) to a set of this form. 

Theorem 2.7. Let S be a stationary, stochastically continuous, union-i.d. random set inl . Then 
there is a a-finite Borel space (^l,B,fi), a measurable, measure-preserving M. d -action {7i} tgR d on 
(f2, B, fi), and a set A £ B with ii{A) < oo such that 

(22) S^{teM. d :U^(Tf\A))^o}, 

where ILj is a Poisson random measure on (£l,B) with intensity measure [i. 

Proof. Let {X(t),t £ R d } be the {0, l}-valued max-i.d. process corresponding to S, that is, X(t) = 
lies. Then, X has a flow representation in the sense of Theorem 1.15| The function fo in this 



representation takes only values 0, 1, (mod fi). That is, f = 1a for some set A £ B. Note that A 
has finite measure since / £ £ v . Since fo°Tt = l^-i^, the statement of the theorem follows. □ 



For example, let Q be the space M. d endowed with the Lebesgue measure. Consider a flow 
T t (oj) = uj - t, co, t £ R d . Let A C R d be a Borel set of finite measure and let II = {U{,i £ N} be 
a unit intensity Poisson process on M. d . Then, the corresponding union-i.d. random set S has the 
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form S = Ui£fq(Ui — A) and is known in the literature as the Boolean model with (non-random) 
grain A. One can also take the space to be a product of some probability space E and the 
space M. d endowed with the Lebesgue measure, and define a flow Tj on by shifting the second 
coordinate. In this way one obtains a Boolean model with random grains. This construction is a 
special case of mixed moving maximum processes. 

3. Proofs 

3.1. Lemma on conjugacy between collections of functions. The following lemma (which 



is of independent interest) is used in the proofs of Theorems 1.8 and 1.14 It states that any two 
families of equimeasurable functions on <r-finite Borel spaces can be related to each other by a 
measure space isomorphism. 

Lemma 3.1. Let (Oj,Bj) be two Borel spaces endowed with measures fii, i = 1,2. Consider two 

families of measurable functions / t : Qj — > K, t G T, i = 1,2, and define two measurable mappings 

Fi : (Qi,Bi) — > (M T ,i3) by Fi{uj) = (ff\u))t^T, w G ^i, i = 1,2. Here, B is the product a-algebra 
on M T . Assume that 

(1) ff{/ t W , t£T}=Bi mod m, i = 1,2. 

(2) The families {ft ,t G T} and {/^ 2 \ t E T} are equimeasurable, that is, the induced measures 
H\ o F^ 1 and /i2 F 2 l are equal on (M. T ,B). 

Then, there exists a measure space isomorphism & : f2i — > 0,2 (defined modulo null sets) such that 
for all t £T, we have / t (1) = ff ) o $, Hi-a.e. Moreover, $ with this property is unique modulo 
null sets. 

Proof. It will be convenient to identify the sets in Bi that are equal modulo i = 1,2. Formally, 
let li C Bi be the cr-ideals of ^-null sets in the spaces (fij, Bi, m) (see e.g. Ch. 11.21 in [32]) and let 
[Bi] := Bi/li be the corresponding factor cr-fields, i = 1,2. The elements of [Bi] are the equivalence 
classes [B] = {A G B { : m(AAB) = 0}, where B G Bi, i = 1, 2. 

We shall define next a u-isomorphism [7 : [B\] — > [B2], i.e. a bijective mapping that preserves 
countable unions and complements. For all B € B\, we set 

(23) £/([£]) := [F 2 \A)], where [Ff 1 ^)] = [£?]. 

Note that such anieB exists since by assumption F^ 1 (B) = c{/$ , t £ T} = Bi mod /ii. One 
can readily see that the mapping U is a well-defined cr-isomorphism. Indeed, since fi\ o F^ 1 = 
H2 oF 2 x , for every A',A" eB, 

^{F^{A>)AF^{A")) = ^HA'AA")) = t, 2 (F 2 \A'AA")) = ^{F 2 \A')AF 2 \A")). 

Thus, F{ 1 (A') = F^{A") mod m, if and only if F 2 1 (A') = F 2 l {A") mod fj, 2 , and the definition 
of U does not depend on the choice of the representative B of the equivalence class [B] and on 

the choice of A in (|23j). This shows, moreover, that [B'] = [B"] if and only if U([B']) = U{[B"]), 

— —i (2) 

that is, U is injective. On the other hand, since F 2 (£>) = c{/ t , t € T} = £>2 mod /X2, for all 

£ G 02, we have [-F 2 _1 (A)] = [£], for some A e B and hence Ef([Ff X (A)]) = [B]. This shows that 

C7 is onto and hence a bijection. Also, since ^(F^ 1 (A)) = fi2(F 2 ~ 1 (A)) , we have by (23) that U 



is measure-preserving. Since U clearly preserves the countable unions and complements, it is a 
cr-isomorphism . 
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Since (Qi,Bi) are Borel spaces, Theorem 32.5 of [32] implies that the cr-isomorphism U is induced 
by some measure space isomorphism : Q\ — > Q2 in the following sense: 

(24) U([B]) = MB)], B G B\. 

Let us fix some t G T and show that f^ = /J o <J? holds ^i~a.e. Let I be a Borel subset of M and 
consider the cylinder set A = {(p : T — > M. : ip{t) G Z} C M. T . We have 

(25) [(/ f (2) o = [^((/f = cr^K/f)- 1 ^]) 

= tr 1 ^ 1 ^)]) = [Ff 1 ^)] = [(/f W)]- 

Assume that / t (1) / // 2) o$ on D S Si with /zi(Z?) > 0. Then we can find an e > and a measurable 
set D' C D with /^(Z?) > such that |/ t (1) - /f ) o $| > e everywhere on Z?'. Further, we can find 
afc£Z and a measurable set D" C Z?' with fii(D") > such that with I = [ke, (k + l)e), we have 



/ t G Z everywhere on Z)". It then follows that / ( o $ ^ / on £)". But this contradicts (25), 

which implies / t = /i o /xi-a.e. 

To complete the proof of the lemma, we need to show that the isomorphism $ is unique modulo 
null sets. Assume that <3? : Q± — > VL2 is another measure space isomorphism (defined modulo null 
sets) such that for all t G T, / t = ff® o <I>, //j-a.e. Let C7 : [Bi] — > [B2] be the induced factor 
cr-algebra isomorphism CZQ.A]) := [<3?(A)], A G Si. Then, for every Borel set IcK and every t G T, 
we have 

^([(/fr 1 ™ = ^((/fr'oo)] = [(/f)- 1 ^)] 
= [scc/^)- 1 ^)] = u([(f^rHm- 

Since sets of the form (/j ) -1 (Z), where Z C M. is Borel, generate the cr-algebra B\ mod /^i and 
since U, U : [£>i] — >• [2? 2 ] are cr-isomorphisms, it follows that U([B]) = U([B]) for every B G B\. 

Let now \& := o $ : Sl\ — y Oi. Clearly, ^ is a measure space isomorphism (defined modulo 
null sets), and as shown above, [^(.A)] = [A] for all A G B\. We will use the fact that (Qi,Bi) is a 
Borel space to show that \& = id mod fj,%, which will complete the proof of the result. 

By Kuratowski's Theorem, (Qi,Bi) is isomorphic to either (E,2 E ), where E is an at most 
countable set, or (R,0r) - the real line equipped with the Borel cr-algebra. The discrete case is 
trivial. Suppose now the latter is true and without loss of generality let (Q,i,Bi) = (R, Z3r). Let 
e > be arbitrary and suppose that /ii({|\I/ — id| > e}) > 0, then for some k G Z, we have for 
D := {\^ - id| > e} n [ke, (k + l)e) that m(D) > 0. But then £ [ke, (k + l)e), for all x G D, 
and hence *(Z)) D D = 0. This contradicts the fact that [$(D)] = [D] because m{D) > 0. Since 
e > was arbitrary, it follows that \E' = id mod \x\ and the proof is complete. □ 

3.2. Proofs in the max i.d. case. 



Proof of Theorem\1.6[ Write R+ = [0,oo). Let To be the at most countable set appearing in 
Condition 5. Let M+° be the space of functions tp : To — > R + endowed with the product cr-algebra 
B. Denote by v the exponent measure of the process {X(t), t G To}; see Vatan [33]. It is a cr-finite 
measure on such that for every t\, . . . , t n G To and x±, . . . , x n > we have 

(26) ^{X(tj) <xj, 1 < j < n} = exp j - v( U™ =1 {<p G R+° : <p(tj) > xj} 



SPECTRAL REPRESENTATIONS OF INFINITELY DIVISIBLE PROCESSES 



15 



pTfa 



We agree that ^({0}) = (which is different from |34j ) . Taking the coordinate mappings ft 
M, ft(tp) = tp(t), t G To, we therefore obtain a spectral representation of {X(t),t G To} on (M+°,£>). 
To see this, compare ^ and (26). Let t G T be arbitrary. Condition S states that there exists a 
sequence {t n } n eN C To such that X(t n ) — > X(t) in probability. Thus, the sequence X{t n ) is Cauchy 
in probability. By the equality of the finite-dimensional distributions, the sequence I(ft„) is Cauchy 
in probability, and therefore, it converges in probability. By Theorem 4.5 in [2], there is a function 
ft G £ V (M+°,ZV) such that I(f tn ) converges in probability to I (ft)- Theorem 4.4 of [2] implies 
that the finite-dimensional distributions of {I(ft), t G T} and {X(t), t G T} are equal, that is, the 
collection {ft,t G T} is a spectral representation of {X(t),t G T} on (M^°,S). Since the coordinate 
functions ft, t G To, generate the product c-algebra £>, and v({~\t£T {ft = 0}) = ^({0}) = 0, 
this representation is minimal. To complete the proof note that by Kuratowski's theorem, for at 
most countable To, the measurable space (M+°,/3) is isomorphic to [0,1] endowed with the Borel 
ex-algebra. □ 



Proof of Theorem l.i 

by 



As in Lemma 3.1 we define two measurable mappings 



T l ( W ) = (/«H) ieT , 

The first condition of Lemma |3.1| is satisfied by the assumption of minimality. We will show that 
the induced measures fi\ o and /i2 ° T 2 _1 are equal on (M. T ,B). We will prove that for all 
tl, . . . , t n G T and all intervals [x\,yi), . . . , [x n ,y n ) C K we have 



a; 



g a, 



1,2. 



(27) 



,(2) 



Recall that {// , i G T}, i = 1,2, are spectral representations of the same process X. By ([3]) we 
have that for all x\, . . . , x n > 0, 



(28) 



mi (u? =1 {if > xj}) = & {yUiftf > • 



Note that > x}) < oo for all x > 0, i G T, since / t w G £ v . Using this fact and the inclusion- 

exclusion formula we obtain that Relation (28) is also valid with the unions therein replaced by 
intersections. This proves that (27) holds provided that < Xj < yj for all j = l,...,n. Note 
that this argument breaks down if Xj = for some j since we cannot apply the inclusion-exclusion 
formula to sets of infinite measure. To show that the measures m o F^ 1 and ^2 ° F^ 1 agree on the 
"boundary" of MT we need a separate argument. 



r(0 



We now show that (27) continues to hold even if some of the a%-'s are allowed to be zero. We don't 



need to consider the case of negative x, 's since ft® > 0, /Xj-a.e., by definition of £ v . By letting some 



of the Xj's go to and using continuity of measure we obtain that (27) continues to hold if some of the 



sets of the form {xj < f^) < yj} therein are replaced by {0 < fj: l> < yj}. By additivity of measure 



the proof of (27) in full generality will be completed if we show that (27) continues to hold if some of 



the sets of the form {xj < fp < yj} therein are replaced by {// 



0}. Let us make this statement 



precise. Take l,m G No, si, . . . , s; G T, n, 
two measurable sets Cj C fij, i = 1, 2, by 



G T and < u\ < v\, . . . , < u m < v m . Define 



Ci — Ai n Bj . A; 



n 



k=l 



{/W = 0}, Bi = nf =1 { Uj < fw < Vj } 



(i) 



1,2. 
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We will show that /xi(Ci) = £i2(C 2 )- Suppose first that Then, /ij(Cj) = m{Bi) — fj,i(BiC\Di 

where 

Di = Ui = i{/i? > 0} = U neN A,n, Di, n = UU |i < /« < n| , i = 1,2. 



We have already shown that (27) holds if Xj > for all j = 1, . . . , n. This implies that ^i{B\) = 
^2(^2) (where both terms are finite since m 7^ 0). Also, by the inclusion-exclusion formula, 
Hi(B\ n Di >n ) = \i2^Bi H i^2,n) f° r every n E N. Note that D^i C £^2 C . . .. Letting n — > 00 
and using the continuity of measure, we obtain fi(B\ n Z?i) = ii%{B% H D2). This proves that 
/xi(Ci) = li-iiC-i) in the case 

Consider now the case m = 0. In this case it is possible that \Xi{Bi) = 00 and the above argument 
breaks down. We show that [i\(C\) = 1^2(02), or, equivalently, [Ai(Ai) = ^2(^2). We will use the 
minimality and an exhaustion argument (cf. Lemma 1.0.7 in [lj) to show that there is a sequence 
Qi , <?2) ■ • • € T such that 

(29) in (n neN {/« = 0}) = 0, i = 1, 2. 

Fix i E {1,2}. Since the measure /ij is a -finite, we can represent Qi as a disjoint union of sets 

Ei,E 2 ,... E #i such that (J,i(E k ) < 00, fc e N. Let e fc = inf Q fJ.i{r\ q eQ{fq^ = 0} D Ffc), where 
the infimum is taken over all at most countable sets Q C T. Clearly, < 00. For every n E N 
we can find at most countable Qk n C T such that /Uj(n (?6 Q fcn {/g*' > = 0} n E^) < e& + jk Since 
Qfc := U„ 6 N<3fcn is at most countable, we have e& = ^(F^), where Fk = n 96 Q fc {/g = 0} n It 
follows that for every t E T, = a.e. on F^. Otherwise, we could consider U {t} and arrive 
at a contradiction. By the assumption of minimality this implies that we must have = 0. This 
holds for every k € N. The proof of (29) is completed by taking the union of the collections Qk, 
k E N. 

Consider measurable sets 



G ilP = ^n(n£i{/« = 0}Jn{/«>0}, P eN, » = i,2. 

We have /xi(Gi jP ) = /^(G^p) for every p E N. Indeed, by continuity of measure, 

m(Gi, p ) = um w (a, n (n£{/W = o}) n {i < /« < n}) . 

The right-hand side does not depend on i = 1,2 as a particular case of ^i(Ci) = ^2(^2) in the 



case m > 0. It follows from (29) that 



00 



Ml(^l) = W(G*l,p) = X)^( G 2*) = M2(A 2 ). 
p=l p=l 



This completes the proof of (27) 



It follows now from (27) that the measures fi\ o F 1 1 and \i% F 2 1 coincide on the semi-ring 
C consisting of sets of the form fij =1 {cp : T — ¥ R : Xj < ip(tj) < yj}, where ti,...,t n E T, 



[xi,y\), . . . , [x n ,y n ) C K. Note that C generates the product c-algebra B. Also, by (29), we can 



represent M. T as 



dT - i|0 ° 1 100 ! {<p : T^R : k~ l < <p(q n ) < k) mod o Ff 1 and /x 2 o F 2 -1 . 



J n=l 
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Note that the sets in the union in the right-hand side have finite m o F^ 1 (and \i2 ° F^ 1 ) measure 
and belong to the semiring C. The uniqueness of t he ex tension of measure t heor em yields that 



fii o F 1 1 = fj,2 ° -^2 ■ ^he assumptions of Lemma 3.1 are verified. Lemma 3.1 yields §5§ and 



completes the proof of the theorem. □ 

3.3. Proofs in the i.d. case. We start with discussing some properties of the spectral represen- 
tation. Note first that the functional / is not additive. Nevertheless, by ^ it follows that for all 

f,g££ + 



(30) /(/) + 1(g) = I(f + g) + 7 (/, g), where 7 (/, g) := j (a(f) + a(g) - a(f + . 



g))dfi. 



The next result shows that 7 in (30) is well defined and that this constant correction term can 



be controlled in terms of the metric d. 

Lemma 3.2. For all f,g € C + , we have that f n \a(f) + a(g) — a(f + g)\dfi < 00. Moreover, for 7 



and d as in (30) and (11), we have 

W, 9)\ < 3d(/ + gf + 2(d(/) + d(g))d(f + g). 

Proof. Consider the integral defining j(f,g) over the sets A := {|/ + g\ > 1}, i? := yl c n {|/| < 
1} n {\g\ < 1} and C := A c n ({|/| > 1} U {|#| > 1}), which form a disjoint partition of Q. 

Observe that over B the integrand is zero, since a(f) = f, a(g) = g and a(f + g) = f + g 
whenever |/| < 1, \g\ < 1, and |/ + <?| < 1. Note, on the other hand that the set B c = A U C C 
{1/ + g\ > 1} U {|/l > 1} U {|g| > 1} has a finite fj, measure because f,g and f + g belong to C + . 
Since \a(f) + a(g) — a(f + g)\ < 3 it therefore follows that \ a(f) + a(g) — a(f + g)\dfj, < 00 and 
7(/, 5) is well defined. 

Over A, we have that 

/ Hf) + a(g) - a(f + g)\dfi < 3fi{\f + g\ > 1} < 3d(f + g) 2 . 

J{\f+9\>1} 

Now, focus on the set C. The function a in ([8]) is Lipschitz and in fact \a(x) + a(y)| < \x + y| for 
all i,i/6K, Therefore, |a(/) + a(g) — a(/ + pjj < 2\f + gf|, and hence 

/ \a(f) + 0(5) - a(f + g)\dfi < 2 f \f + <?|(1 { |/|>i } + l{ lfll >i})d/i 

■/O J{|/+<?|<1} 

<2d(/ +<?)«/) + %)), 

where the last relation follows from the Cauchy-Schwartz inequality and the fact that /i{|/| > 1} < 
d(f) 2 . Combining the above two bounds, we obtain the desired inequality. □ 



Relation ( 30 ) readily implies the following result on the sum of two spectral representations over 



the same space. 

Proposition 3.3. Consider two i.d. processes := I(f^) + cf\ t € T, where {ft jt&r C 
C + (Q,B, /x), and c[ 6l, i = 1,2. Then, their sum has the following spectral representation: 

+ x$% eT I {/(/« + ff )) + c « + c f ) + 7(/ « /f V e T } . 
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Recall now that convergence in probability is metrized by the Ky Fan distance which is given by 

(31) d KF (£, n) = d KF (i - n) := inf{<5 > : P{|£ - rj\ > 5} < 5}. 

The next proposition shows that the metric d on the space of integrands is comparable to the metric 
dxF on the space of integrals. 

Proposition 3.4. For all f G C + , we have 

(32) d KF (I(f)) < 2d(f) 2 ^ and 1 - e~ cd ^ < 2d KF (I(f) - 1(f)') < 4d KF (L(f)), 
with c = 1 — sin(l), where 1(f)' is an independent copy of 1(f). 



The following elementary inequality is used in the proof of Proposition 3.4 

Lemma 3.5. Let X be a symmetric random variable. Then 

(33) sup (1 - Ee i9X ) < 2d K F(X). 

\0\<i 



Proof of Lemma 3.5. Since X is symmetric, we have that its characteristic function 4>x(0) 
Ee iex , 9 G R is real and 



(l-fe(9))= (l-co S (ex))F x (dx). 

J — oo 

Note that < 1 - cos(u) < u 2 /2, for all «el. Thus, with e G (0, 1], we have 

(1 - 4>x(9)) < K T Fx ( dx ) + f Fx ( dx ) < e + P{|X| > e} 

1 J-e J\x\>e 



for all \8\ < 1 < y 2/e. The inequality (33) follows from the definition (31) of the Ky Fan distance 
functional. □ 



Proof of Proposition 3.4 We first prove the second inequality in ( 32 ) . Let X := /(/) — 1(f)' , where 
/(/)' is an independent copy of /(/). Thus, in view of Q, X is symmetric with characteristic 
function 

(34) (j) X (9) = lEe^^l 2 = exp { - 2 J (1 - cos(0/))d/i}, 9 £R. 

Now, by Lemma 3.5, we obtain 

0< sup(l-<p x (9)) < 2d KF (X). 
\e\<i 



Thus, in view of (34), using the fact that the function u H ► 1 — e , n>0is strictly increasing 
the above supremum can be taken inside the exponential, and hence 

(35) 1 - e~ 2A := 1 - exp ( - 2 sup / (1 - cos(0/))d/A < 2d KF (X). 

L \e\<iJn J 

We will focus on the term A above and obtain a lower bound for it. Notice that 

sup / (1 - cos(9f))dn + sup / (1 - cos(0/))d/i < A + A = 2A. 
|0|<W{|/I<1} |0|<i •%!>!} 
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Since x 2 /3 < 1 — cos(x), \x\ < 1, for the first term above, we have 

\ I \f\ 2 dfi = sup % [ \f\ 2 dfi < sup / (1 - COB(0/))d/X. 

d Al/l<i> \e\<i 6 J{\f\<i} \e\<iJ{\f\<i} 

On the other hand, over the set {|/| > 1}, we apply the inequality supigi< 1 (l — cos(0/)) > J Q (1 — 
cos(Of))d0 = 1 — sin(/)//. By combining these two lower bounds, we obtain 

(36) U \f\ 2 d»+ [ (l- Si ^)^<2A 

Also, since 1 — sin(a;)/x > 1 — sin(l) =: c ~ 0.1585 > 0, for all \x\ > 1, we obtain further that 

cduf<\! i/i 2 ^+/ (i-^w 
3 Ai/i<i} Ai/i>ii v j ' 

In view of (35), ( |36[ ), and the monotonicity of u i— >• 1 — e - ", we obtain 1 — e~ cd ^ 2 < 2dxp(X), 
which, since dj<F(X) = dKF{I{f) — 1(f)') < 1d,KF(I(f))-, yields the second inequality in p2| ). 

We now establish the first inequality in (p}. Let d := d(f) = (J n 1 A l/pd/i) 1 / 2 , / G £+ and 
consider the sets ^4 = {|/| > 1} and B = {\f\ < 1}. Note that fi(A) < oo and recall by Q that 
I(f\A) = Xi/dll^ — J A a(f)diJ. From the definition of a and d, see ([8]) and (11), it follows that 
I Ja a (/)dAi| < /"(^4) < d 2 and therefore 



-J 2 



(37) p{|/(/i A )| > d 2 } < p{| ^ /dii^ # o} < 1 

The second inequality follows from the fact that f A fdH^ is non-zero only when the Poisson point 
process iLj has at least one point in the set A. Also, I(fts) has (by definition) expectation and 
variance f B f 2 dfi < d 2 . Thus, by the Chebyshev's inequality, 

(38) P{|I(/l fl )| > d 2/3 } < d 2/3 . 



Since 1(f) = I(ft A ) + by (|37|) and (j38J), in the case d < 1, we get 

P{|/(/)| > 2d 2 / 3 } < P{|/(/)| > d 2 + d 2/3 } 

< P{|/(/1a)| > d 2 } +P{|/(/l B )| > d 2 ^} 

<l_ e -^ 2 +d 2/3 

< 2d 2/3 . 

Hence d KF (I(f)) < 2d 2 / 3 , provided that d < 1. This, since dxF (1(f)) < 1 implies the first 
inequality in (|32l). □ 



Proof of Proposition \lA2 , The proof is standard. Let {/ n }neN C C + be a Cauchy sequence in d. 
Then, for all e G (0, 1), we have 

»{\fm-fn\>e}<\ [ lA|/ m -/ n | 2 d / i= rf(/m '/" )2 ^0, 
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as ?7i, n — y oo, which shows that {fn\n& N is Cauchy in measure. Hence, there exists a sub-sequence 
{nfcjfceN and a measurable function /, such that f nk — > /, as — > oo, //-a.e. Now, by the Fatou's 
lemma, we obtain 



d(fn k ,f) 2 = / 1 A \f nk - f\ 2 dn < liminf / 1 A \f nk - fnfdfi = liminf d(f nk , /, 



,2 



This inequality implies that d(f Hk ,f) < oo, and hence / G C + , because d(f,0) < d(f,f nk ) + 
d(f nk ,0) < oo. Since {/ n }neN is Cauchy in the metric d, we also have that d(f nk , f) — > 0, as 
nk —> oo, and hence d(f n , /) — > 0, as n — > oo. Thereby proving that the metric d is complete. 

Let now (f2, i3) be Borel. Recall that the measure \i is <7-finite. Then the space L 2 = L 2 ($7, ,6, fi) 
(C £ + ) equipped with the usual L 2 -norm is separable and let {/ n }neN be a dense subset of L 2 . By 
(fTTl), for all / G £+ / n G L 2 , and ivT > 0, we have 



d(f,fn) 2 = [ lA\f-f n \ 2 dfl 

Jn 



< / |/-/„| 2 d/X+ / dfJL 

J{\f\<K} J{\S\>K} 



< 



(f 1 {\f\<K}-fn) 2 dfl + tl{\f\>K}. 



J A {\f\<K} ~ Jn 2 ' 

in 

Since / G £ + , we have that /l{|j|<^} G L 2 and /i{|/| > i^} — )• 0, as K — > oo. Thus, by picking 
large enough K and a suitable /„, one can make d(f,f n ) arbitrarily small, showing that {/ n }neN 
is also dense in the metric space {C + , d) , thereby proving separability. □ 

Proof of Proposition \ 1 . 1 4 Suppose first that d(f n — f) + \c n — c| — > 0, as n — > oo. Then, by Slutsky's 



theorem, it is enough to show that I(f n ) converges in probability to /(/), as n — > oo. By (30), we 

have that I(f n ) — 1(f) = I(fn — f) +7(/n, — /)■ Proposition |3.4| and the assumption d(f n — f) — > 

IP 

imply that I(f n — f) — > 0, n — > oo. It remains to show that j(f, —f n ) — > 0, as n — > oo. By the 
triangle inequality for d, we have \d(f n ) — d(f)\ < d(f n — f) — > 0, as n — > oo, and in particular 
d{f n ),n G N is bounded. Thus, by Lemma [3~2] applied to / and g := — / n , we obtain j(f, —f n ) — > 0, 
as n — > oo. This completes proof of the 'if part. 

To prove the 'only if part, suppose that I(f n ) + c n — > £, n — > oo, set t,m,n '■= I{fm) — I{fn) + 
c m — c n , and let £' m n be and independent copy of £ m ,n- Then, by using Q we obtain that 

£,m,n ~ S,m,n = ^{fm ~ fn) ~ I{fm ~ fn) ; 



where I(f m — fn)' is an independent copy of I(f m — f n )- Now, by the second bound in (32) of 
Proposition |3.4| applied to / := f m — f n , we obtain 



1 " e~ cd ^-M 2 < 2d KF (I(f m - f n ) - I(f m - f n )') = 2d KF (U,n - C,n) < ^Kf(C 



m,n J 



The right-hand side of the last inequality vanishes, as m, n — > oo, since the sequence {I(f n )+c n , n G 
N} converges in probability and therefore it is Cauchy in the Ky Fan metric. This implies that 



d(f m — fn) —^0, m, n — > oo, and since (C + ,d) is complete (Proposition 1.12), there is an / G £ + , 
such that d(f n —/)—>• 0, n — > oo. Therefore, by the already established 'if part, it follows that 

F F 

I{fn) —> I{f)i n co- This, and the fact that I(f n ) + c n — > ^, n — > oo imply (by Slutsky) that 
the sequence c n converges to a constant c and £ = /(/) + c. This completes the proof. □ 
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Proof of Theorem 1.11. Let To be the at most countable subset of T appearing in Condition S. 
Consider the space IR Ji) , equipped with the product cr-algebra B. Following [20] (see also [21]), let 
/i be the Levy measure of {X(t), t G To} on M. T °. For t G To, we define the coordinate mappings 
ft : M To -»• K by f t (ip) = ip(t), where ip : T -»• K, y> G M T °. Then, {/ t ,t G T } is a spectral 
representation of G To} by the properties of the Levy measure. 

For t G" T, observe that by Condition S, there exists a sequence {t n } C To, such that X(t n ) 
converges in probability to X(t), as n — > oo. With other words, I(f n ) + c n converges in probability 



to 1(f) + c, for some c n and c. Thus, by Proposition 1.13 the sequence of functions ft n has a limit 
in (£ + ,d), as n — > oo. We take this limit to be the spectral function f t . 

Notice that the so-defined spectral representation is minimal. Indeed, the cr-algebra cr{ft, t G T} 
coincides with the product u-algebra B on IR T °. We also have that supp{/t,i G To} = M T ° (mod 
ji) because C\t^T {ft = 0} = {0}, a set whose Levy measure is by convention. To complete the 
proof observe that the measurable space (IR T ° , B) is Borel by Kuratowski's theorem. □ 



Proof of Theorem \1.14 We are going to apply Lemma |3.1| Define the measurable mappings F{ : 
(ni,Bi)^(WL T ,B) by 

F i (u) = (f} {) (u)) teT , loeUi, i = l,2. 



Minimality implies that the first condition of Lemma 3.1 is satisfied. We prove that fi\ o F 1 1 = 
\i 2 T 2 -1 . Let t\, . . . ,t n G T and observe that in view of (|9j) we have 

n 

Ee iE? =1 o,x( tj ) = Eexp | . £ + C W } | 

n „ n 

= exp {i ^ + / [e l ^U - i 9 3 a( Xj ) - l) (jm o Gr 1 )^)}, 
i=i Rn j=i 

where Gj = (/^)? =1 : fij — )■ M n and , ...,c^ G K are constants, i = 1,2. The last relation 



o 



and the uniqueness of the Levy measure of the i.d. random vector (X(tj))^ =l shows that (/ti 
Gi)- l (A) = ( l i 2 oG 2 )~ 1 (A) for all Borel sets A C M n \{0}. We need to show that (^ioGi) _1 ({0}) = 
(|U2 o G2) _1 ({0}). As in the proof of Theorem 1.8 we can find a sequence qi,q 2 ,... G T such that 



tH(r\j£jx{ftj}) = 0, i = 1, 2. Consider measurable sets 

^ = GT'tto}) n (nflif/g) = o}) n {/« ^ o}. 

For every p, we have shown that (j,i(Ex tP ) = (j, 2 (E 2tP ). It follows that 

oo oo 

miCg^ko})) =J2»i( e i,p) = E^(^2, P ) = ^^({o})). 
p=i p=i 

This proves that (/xi o G 1 y 1 (A) = (fi 2 o G 2 )~ l (A) for all Borel sets A C W 1 . With other words, 
the measures /ti o T-f 1 and /t2 ° TT 1 are equal on the semiring C consisting of subsets {92 : T — > R : 
(y?(tj))" =1 G A}, where A C M n is Borel. This semiring generates the product cr-algebra B. Also, 
we have a decomposition 



vT 



U~ =1 {ip : T -> M : AT 1 < |v?(g n )| < A;} mod ^ o Tf 1 and /t 2 o T 2 _1 . 
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Note that the sets on the right-hand side have finite fix o F 1 1 (and ^oi^ ) measure and belong 
to the semiring C. By the uniqueness of measure extension theorem, the measures \x\ o F^ 1 and 



A*2 ° F 2 1 are equal. Lemma 3.1 completes the proof. □ 
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